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The different conformations of a U -electron system
can be specified by liesting the twist angles o&u,bet'een
all pairs of bonded atomic orbitales (AOs) (p . 4%, « The
resonance integral %ﬂv of a twisted 9 -bond is given by (1)

By = B cos Wy
B being the standerd resonance integral for a pair of pa-
rallel AO0s, It is usually assumed that the total dir-~elec~
tron energy has an absolute maximum for the coplanar system
(all “ﬁ%v= 0 or T ). Any conformation with one or more an-
gles w), different from zero or M would then have a smal-
ler 4 ~electron energy, assuming that the interatomic dis-
tances between pairs of bonded AOs remain constant, We shall
show that, according to Hiickel molecular orbital (HHO) theory
this may not necessarily be so.

The higher members of the annulenes (CH)n (2) are pre-
sumably present in solutiorn in a variety of non-planar con-
formations, Among these conformations, there are some where
the M-orbitel is twisted into a m¥bius strip., Such confor-
mations can be obtained with standard molecular models (Drei-
ding or Stuart - Briegleb) without introducing any apparent
bond angle or steric repulsion etrain whem n> ~ 20, The topo-
logical equivalent of such a M8bius type conformation is

shown in fig. 1l.
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Figure 1

A closed sequence of n A0s {8 arranged or & ring, so
that two consecutive AOs ¢/“ ,(p/m form an angle W =T/n,
The resonance integral between two consecutive AO0s is
5‘ = f§ cos (9 /n). It is easy to show that the orbital ener-
gles Eg for such systems are given in closed form by

g? = a + Zﬁ’ cosr(2J+1)/n

J = 0, 1, 25 eeeees , n=l

and the corresponding HMOs \P: by
2 L S (exp 17 (2001) p/m ) ¢
= X + n
J -'?- /‘g P M /u

»*
or by the appropriate resl linear combinations of LP; and ‘{/g.

The energy level scheme for a Mdbius type perimeter
differs from that of a standard perimeter in that all levels
are degenerate for n even, and that only the highest anti-
bonding level is single for n odd, This is shown schematically
in fig. 2.
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Figure 2

Closed shell configurations are thus predicted for

¥

meters (Hiickel's rule) and for W" = 4r electrons in the

= 2 + 4r electrons in the case of planar standard peri-

case of a M6bius type perimeter (r being a whole number).

We shall nov prove that a planar perimeter of n = 4r
A0s, which would yield an open shell configuration when occu=~
pied by 4r electrons, can be twisted into a closed shell
Mébius strip perimeter without losa in 9T -electron energy.
The orbital energies of the planar ring of n AOs are

83 = a + 2B cos 2WJ/n

J = 0y 1, 2, eeeee 5 0=l

The occupancy of these levels is shown in fig. 3. The two

non~-bonding orbitals of energy = £ = ¢ each contain
r

3r
a single electron. In the corresponding M8bius model 2ll
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bonding orbitals are occupied by pairs of electrons
(fig. 3).

a ...._*__.“;F_,........____..____.......................

Step 1 Step 2

Figure 3

We transform the first model into the second one as follows:

Step 1 : The two electrons in the non-bonding orbital
pair are put into & phantom orbital of energy E() = a + 28,
so that each energy level is now occupied by four electrons.
In this step we gain 4f in T -electron energy.

Step 2 : The energy of each quadruply occupied level E&
is altered to the energy E': of the Mtbius model. We lose
thereby for each level energy equal to

a(EN - £, =-6p [sinﬁr/n][sinﬁr(z.nl)/n]

Summing over all gquadruply occupied levels, from J = 0 to

J =r1~1, we get

42_:(&'; - E;) =-ap

The net change in 9" ~electron energy for both steps is

therefore zero.
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As far as seroth order HMO theory ia concerned,
we can therefore obtain a closed shell configuration for
an annulene of 4r AOs without loss in AI" <electron energy
by fvieting the system into a MSbius strip conformatien,
However,twisting a closed shell perimeter of 4r+2 AOs into
an open shell M8bius strip conformation is always accempa-
nied by a loss of ¥ -electron energy.

Those results are, of course, subject to the well
xnown limitations ef geroth order HNMO theory (1). Ne account
has been taken of bond alternation (3) or of altermation in
twist angles.

For even n the MNSbius strip HNOs show the usual pai-
ring properties of alternant systems (4)., For edd m the ener-
gy level diagram x:. = (& : - a)/pl is the mirror image of
x; = ( G‘J - a)/B of the standard HNOs of a perimeter with
the same number of AOs. A free electronm medel analogous to
the Hilckel treatment yjelds the following changes in deloca-
lisation energy on changing a simple ring of perimeter length
L and width B<< L into the corresponding Mtdius strip: for
4r electrons rh?/2al® energy gain (stabilisation), for 4r+2
electrons -(2r+1)h?/4mL? emergy loss (destabilisatien).

One or twe-dimensional models (such as the HMO or the
free slectron model) yield reasonable approximatioms if the
three-dimensional wave function of the system can be written
as a product of functions of lower di-enlion(5). For instance
the movement of an electron in a potential of eylimdriecal
synmetry is described by a wave funotion of the type (p(w)iz(f,:),
S being the distance to the s axis and W the angle of rotation.
The solutions (PJ@o) may be thought of as those whieh per-
tain to an “"electrom on a ring" (W = 27’x/L, L = length of
the porinotor). In the foregoing discussion we have implici-
tely assumed that HMOs on a NSdius strip are aceceptadble factors
of the corresponding three-dimensional prodlem, It is, hovever,
not obvious that three-dimensional potentials exist for whieb
this is exactly, or even approximately true, It could well
be that the results gquoted above are artefacts of the essenti-
ally two-dimensional HMO model and that they have mo three-
dimensional counterpart,
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